++Solutions to Assignment 7

Problem 7-13 (b) (Page 366)

(b) For the primal and dual LP for Problem 7-12(b), the primal complementary slackness conditions between primal constraints and dual variable values are:


  x1 –    x2               =  0 or v2 = 0;


9x1 – 3x2 + x3 – x4=25 or v3 = 0. 


Likewise, the dual complementary slackness conditions between dual constraints and primal variable values are:

v1 + v2 + 9v3  = 44 or x1 = 0;

v1 – v2  – 3v3 =  –3 or x2= 0;

v1          +  v3 = 15  or x3= 0;

v1          –  v3 =  56 or x4 = 0.

Problem 7-14 (b) (Page 366)

(b) The given primal LP is

min  4x1+ 10x2  


s. t. 
2x1 +  x2 
[image: image108..pict]6



     x1         
[image: image2.wmf]10



x1, x2 
[image: image3.wmf]0

The dual LP is

max 
6v1 + 10v2


s. t. 
2v1+ v2 
[image: image4.wmf]4


        v1 
[image: image5.wmf]10


            v1
[image: image6.wmf]0,  v2
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The graphical solutions to the primal LP and dual LP are shown in Figure 1 below.
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             (a) Solution to the primal LP                   (b) Solution to the dual LP

Figure 1. The graphical solution to the primal and dual LP for Problem 7-14(b)

The optimal value of the primal LP and dual LP are both equal (to 12) - as expected.

Problem 7-16 (b) (Page 367)

(b) The given primal LP is

max  4x1+ 8x2  


s. t. 
4x1            
[image: image8.wmf]8



     x1 + x2 
[image: image9.wmf]1



x1, x2 
[image: image10.wmf]0

The dual LP is 

min 
8v1 + v2


s. t. 
4v1+ v2 
[image: image11.wmf]4


        v2 
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            v1
[image: image13.wmf]0,  v2
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The graphical solution to the primal LP and dual LP are shown in Figure 2 below and illustrate that the primal LP is infeasible when the corresponding dual LP is unbounded. 

[image: image58.wmf]£


         (a) Primal LP - infeasible                        (b) Dual LP - unbounded

Figure 2. The graphical solution to the primal and dual LP for Problem 7-16(b)
Problem 8-6 (402)

The given multi-objective LP is


min  5x1–  x2

min    x1+4x2


s. t.
–5x1 + 2x2 
[image: image15.wmf]10


    x1 +   x2  
[image: image16.wmf] 3



    x1 +  2x2 
[image: image17.wmf] 4



x1, x2 
[image: image18.wmf] 0
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(a) As shown in Figure 3, the optimal solutions taken separately for each objective do not coincide.

Figure 3. The graphical solution to Problem 8-6(a)

(b) An efficient point must be feasible, and every point that is superior relative to one objective must be either an infeasible point or inferior relative to the other objective. At each candidate point, we use the contours of the two objectives to form the (improving) area in which both objectives have equal or superior values compared to that candidate. In Figure 4 we can see that the improving areas (illustrated as dark shaded regions) at candidates (4,0), (2,1) and (1,2), do not intersect with the feasible region at any other point, so these candidates are efficient points. At candidates (3,3) and (5,0), the corresponding improving area include part of the feasible region (illustrated as the dash line shaded region). Therefore, these two candidates are dominated points. The point (0,0) is not an efficient point because it is infeasible.

[image: image60.wmf]³


Figure 4. Graphical determination of efficient points to Problem 8-6(b)

(c) With reference to Figure 3, we separately minimize objective f1(x)=5x1–x2 and f2(x)=x1+4x2 to get the following results:


[image: image19.wmf] For objective f1(x),  x*=(0, 5), f1(x*)= –5 and f2(x*)=20;


[image: image20.wmf] For objective f2(x),  x*=(4, 0), f1(x*)= 20 and f2(x*)=4.

Based on these results, the range of the first objective is –5 to 20. Using  to represent values within this range and varying  from –5 to 20 we solve the sequence of LP problems defined by:


min    x1+4x2


s.t.
–5x1 + 2x2 
[image: image21.wmf]10


    x1 +   x2  
[image: image22.wmf] 3



    x1 +  2x2 
[image: image23.wmf] 4



  5x1 –    x2
[image: image24.wmf] 


x1, x2 
[image: image25.wmf] 0

The results are illustrated in Figure 5.  We see that when  changes, the constraint 5x1–x2
[image: image26.wmf] moves and we get different optimal values for the second objective f2. 

[image: image61.wmf]³


Figure 5. The efficient frontier construction process for Problem 8-6(c)

The efficient frontier is plotted in Figure 6.
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Figure 6. The efficient frontier required in Problem 8-6(c)

Problem 8-8 (402)

The given multi-objective LP is


min  x1+  x2

min  x1


s. t.
2x1 +   x2 
[image: image27.wmf]4



2x1 + 2x2 
[image: image28.wmf] 6



  x1              
[image: image29.wmf] 4



  x1, x2 
[image: image30.wmf] 0

(a) The preemptive solution begins by minimizing the first objective, that is, solving the following single objective LP


min  x1+  x2

s. t.
2x1 +   x2 
[image: image31.wmf]4



2x1 + 2x2 
[image: image32.wmf] 6



  x1              
[image: image33.wmf] 4



  x1, x2 
[image: image34.wmf] 0

All points on the line segment joining (2, 1) to (3, 0) are optimal for this single LP (with value 3), as shown in Figure 7.

For the next step an extra constraint is added to the original constraint set.  This constraint limits the first objective to have a value less than or equal to 3.  We then minimize the second objective over this revised constraint set. That is, we solve the following single objective LP


min  x1

s. t.
  x1 +   x2 
[image: image35.wmf] 3

2x1 +   x2 
[image: image36.wmf]4



2x1 + 2x2 
[image: image37.wmf] 6



  x1              
[image: image38.wmf] 4



  x1, x2 
[image: image39.wmf] 0

The solution to this problem yields the preemptive optimal objective value of 1 at the point (1, 2), which is an efficient point (because there is no intersection between the feasible region (light shaded) and the improving area (dark shaded) of the two objective functions other than this point).

The graphical solution is shown in Figure 7.

[image: image63.wmf]³


Figure 7. The graphical solution to Problem 8-8(a)

(b) A similar process as above is performed by initially optimizing the second objective function under the original constraint set. Alternative optimal are obtained along the half line from (0, 4) to (0, +
[image: image40.wmf]), with objective value 0, as indicated in Figure 8. Then the extra constraint, x1
[image: image41.wmf]0, is added to the constraint set and the first objective is optimized. The optimal objective value of 4 is obtained at (0, 4), which is an efficient point.
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Figure 8. The graphical solution to Problem 8-8(b)

Problem 8-12 (b) (402)

The given multi-objective LP is


max  17x1 – 27x2

min   90x2 + 97x3


s. t.
    x1 +     x2 +     x3 =100



40x1 + 40x2 – 20x3  
[image: image42.wmf]  8



  x1, x2, x3 
[image: image43.wmf] 0

with targets 500 and 5000 respectively.

(b) The goal programming model is:


min d1+d2


s. t. 
17x1 – 27x2                 + d1             
[image: image44.wmf]500



           90x2 + 97x3            – d2  
[image: image45.wmf]5000



    x1 +     x2 +     x3               = 100



40x1 + 40x2  – 20x3                      
[image: image46.wmf]  8



    x1, x2, x3 
[image: image47.wmf] 0

  

    d1, d2 
[image: image48.wmf]0

where d1 is defined as the deficiency in goal 500 for objective function 17x1 – 27x2 and d2 is defined as the deficiency in goal 5000 for objective function 90x2 + 97x3.

Problem 10-2 (Page 544)

(a)
The node set is V = {1, 2, 3, 4, 5};


The arc set is A = {(1, 2), (1, 3), (2, 3), (3, 4), (3, 5), (4, 2), (4, 5)}.

(b)
Sources nodes: 1, 3;


Sink node: 5;


Transshipment nodes: 2, 4.

(c) Total supply = 80+70; Total demand = 150; Therefore, total supply = total demand.

(d)
The minimum cost network flow problem is formed as


min (2x1,3 + 3x2,3 + 8x3,4 - 1x3,5 + 6x4,2 + 4x4,5)


s. t. 
–x1,2 -  x1,3 = -80




  
x1,2 + x4,2 - x2,3 = 0




 
x1,3 + x2,3 - x3,4 - x3,5 = -70


  


x3,4 – x4,2 – x4,5 = 0

  
  


x3,5 + x4,5 = 150


  


x1,2 
[image: image49.wmf] 10


  


x3,5 
[image: image50.wmf] 150


  


x3,5 
[image: image51.wmf] 150


  


all xi,j 
[image: image52.wmf] 0, (i, j) 
[image: image53.wmf] A

(e)
The incidence matrix is A = 
[image: image54.wmf].

Problem 10-4 (Page 544)

For the given matrix 
[image: image55.wmf],

(a)
It is a node-arc incidence matrix because every column has one and only one –1 and one and only one 1, and all other column entries are 0.

(b) The corresponding digraph is shown in Figure 9.

[image: image65.wmf]£


Figure 9. The digraph solution to Problem 10-4(b)
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